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Abstract
In this paper, the famous Banach contraction principle and Caristi’s fixed point theorem are gen-
eralized to the case of multi-valued mappings. Our results are extensions of the well-known Nadler’s
fixed point theorem [S.B. Nadler Jr., Multi-valued contraction mappings, Pacific J. Math. 30 (1969)
475–487], as well as of some Caristi type theorems for multi-valued operators, see [N. Mizoguchi,
W. Takahashi, Fixed point theorems for multivalued mappings on complete metric spaces, J. Math. Anal.
Appl. 141 (1989) 177–188; J.P. Aubin, Optima and Equilibria. An Introduction to Nonlinear Analy-
sis, Grad. Texts in Math., Springer-Verlag, Berlin, 1998, p. 17; S.S. Zhang, Q. Luo, Set-valued Caristi
fixed point theorem and Ekeland’s variational principle, Appl. Math. Mech. 10 (2) (1989) 111–113
(in Chinese), English translation: Appl. Math. Mech. (English Ed.) 10 (2) (1989) 119–121], etc.
 2006 Elsevier Inc. All rights reserved.
Keywords: Complete metric space; Banach contraction principle; Caristi’s fixed point theorem; Nadler’s fixed point
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1. Introduction
Banach contraction principle plays an important role in several branches of mathematics.
For instance, it has been used to study the existence of solutions for nonlinear Volterra integral
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104 Y. Feng, S. Liu / J. Math. Anal. Appl. 317 (2006) 103–112equations, nonlinear integro-differential equations in Banach space and to prove the convergence
of algorithms in computational mathematics.
Because of its importance for mathematical theory, Banach contraction principle has been
extended in many different directions, see [1,5,10–12,16,18], etc.
Among these generalizations, Caristi’s fixed point theorem, equivalent to the famous Ekland
variational principle, maybe the most valuable one and has extensive applications in the fields of
mathematics such as variational inequalities, optimization, control theory and differential equa-
tions.
The generalizations to multi-valued case are enormous too. For example, Nadler proved the
following theorem in [2].
Theorem 1.1. Let (X,d) be a complete metric space and T be a multi-valued map on X such
that T (x) is a nonempty closed bounded subset of X for any x ∈ X. If there exists c ∈ (0,1) such
that
H
(
T (x), T (y)
)
 cd(x, y), ∀x, y ∈ X,
then T has a fixed point in X.
Recent fixed point results for multi-valued mappings can be found in [4,6,14,15,18,19] and
references therein.
The aim of this paper is two-fold. First, we prove a fixed point theorem for multi-valued
contractive mappings and extend Caristi’s fixed point theorem to the multi-valued case. Then
an example is provided showing that our result is a nontrivial extension of Nadler’s fixed point
theorem. The multi-valued Caristi’s fixed point theorem generalizes our fixed point theorem for
multi-valued contractive mappings, as far as existence of fixed points is concerned.
In Section 2 some notions and notations are introduced. Section 3 concerns with the existence
of a fixed point for multi-valued mappings satisfying contractive conditions in a complete metric
space. In Section 4, we present two multi-valued Caristi type fixed point theorems.
2. Preliminaries
Let (X,d) be a complete metric space. N(X) denotes the collection of all nonempty subsets
of X, C(X) is the collection of all nonempty closed subsets of X, CB(X) is the collection of all
nonempty closed bounded subsets of X.
For A,B ⊂ C(X), let
H(A,B) = max
{
sup
x∈B
d(x,A), sup
y∈A
d(y,B)
}
,
where d(x,A) = infy∈A d(x, y). The pair (C(X),H) is called the generalized Hausdorff distance
induced by d .
Definition 2.1. A function f :X → R is called lower semi-continuous, if for any {xn} ⊂ X and
x ∈ X
xn → x ⇒ f (x) lim
n→∞
f (xn).
Definition 2.2. A function η : [0,∞) 	→ [0,∞) is said to be subadditive if η(s+ t) η(s)+η(t),
for all s, t ∈ [0,∞).
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for any x ∈ X and a neighborhood V ⊃ T (x), there is a neighborhood U of x such that for any
y ∈ U , we have T (y) ⊂ V .
Definition 2.4. An element x ∈ X is said to be a fixed point of a multi-valued mapping T :X →
N(X) if x ∈ T (x).
3. Fixed-point theorems for multi-valued contractive mappings
Let T :X 	→ N(X) be a multi-valued mapping. Define function f :X → R as f (x) =
d(x,T (x)).
For a positive constant b (b ∈ (0,1)), define the set Ixb ⊂ X as
I xb =
{
y ∈ T (x) | bd(x, y) d(x,T (x))}.
The following theorem is the main result of this section.
Theorem 3.1. Let (X,d) be a complete metric space, T :X 	→ C(X) be a multi-valued mapping.
If there exists a constant c ∈ (0,1) such that for any x ∈ X there is y ∈ I xb satisfying
d
(
y,T (y)
)
 cd(x, y),
then T has a fixed point in X provided c < b and f is lower semi-continuous.
Proof. Since T (x) ∈ C(X) for any x ∈ X, I xb is nonempty for any constant b ∈ (0,1). For any
initial point x0 ∈ X, there exists x1 ∈ I x0b such that
d(x1, T x1) cd(x0, x1)
and, for x1 ∈ X, there is x2 ∈ I x1b satisfying
d(x2, T x2) cd(x1, x2)
Continuing this process, we can get an iterative sequence {xn}∞n=0, where xn+1 ∈ I xnb and
d
(
xn+1, T (xn+1)
)
 cd(xn, xn+1), n = 0,1,2, . . . .
In what follows, we will verify that {xn}∞n=0 is a Cauchy sequence. On the one hand,
d
(
xn+1, T (xn+1)
)
 cd(xn, xn+1), n = 0,1,2, . . . .
On the other hand, xn+1 ∈ I xnb implies
bd(xn, xn+1) d
(
xn,T (xn)
)
, n = 0,1,2, . . . .
By the above two inequalities, we have
d(xn+1, xn+2)
c
b
d(xn, xn+1), n = 0,1,2, . . . ,
d
(
xn+1, T (xn+1)
)
 c
b
d
(
xn,T (xn)
)
, n = 0,1,2, . . . .
It is easy to prove that
d(xn, xn+1)
cn
bn
d(x0, x1), n = 0,1,2, . . . ,
d
(
xn,T (xn)
)
 c
n
n
d
(
x0, T (x0)
)
, n = 0,1,2, . . . .b
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d(xm,xn) d(xm,xm−1) + d(xm−1, xm−2) + · · · + d(xn+1, xn)
 am−1d(x0, x1) + am−2d(x0, x1) + · · · + and(x0, x1)
 a
n
1 − a d(x0, x1),
where a = c/b. Due to c < b, we have an → 0 (n → ∞), which means that {xn}∞n=0 is a Cauchy
sequence. According to the completeness of X, there exists x ∈ X such that {xn}∞n=0 converges
to x.
We assert that x is a fixed point of T .
In fact, from the above proof, we get that {xn}∞n=0 converges to x. On the other hand,{f (xn)}∞n=0 = {d(xn,T (xn))}∞n=0 is decreasing and hence converges to 0. Since f is lower semi-
continuous, we have
0 f (x) lim
n→∞
f (xn) = 0.
Hence f (x) = 0. Finally, the closeness of T (x) implies x ∈ T (x). 
Remark 1. Theorem 3.1 is a generalization of Nadler’s fixed point theorem.
1. In fact, if T satisfies the condition of Nadler’s theorem, then:
(1) f is lower semi-continuous, which follows from the fact that T , being a multi-valued con-
traction, is upper semi-continuous.
(2) For any x ∈ X, y ∈ T (x),
d
(
y,T (y)
)
H
(
T (x), T (y)
)
 cd(x, y).
Hence T satisfies conditions of Theorem 3.1, the existence of a fixed point has been proved.
2. The following example shows that Theorem 3.1 is an extension of Nadler’s fixed point
theorem.
Let X = { 12 , 14 , . . . , 12n , . . .} ∪ {0,1}, d(x, y) = |x − y|, for x, y ∈ X; then X is a complete
metric space. Define mapping T :X → C(X) as
T (x) =
{{ 1
2n+1 ,1
}
, x = 12n , n = 0,1,2, . . . ,{
0, 12
}
, x = 0.
Obviously, T is not a contractive mapping in Nadler’s meaning, in fact,
H
(
T
(
1
2n
)
, T (0)
)
= 1
2
 1
2n
=
∣∣∣∣ 12n − 0
∣∣∣∣= d
(
1
2n
,0
)
, n = 1,2, . . . .
On the other hand, it is easy to compute
f (x) = d(x,T (x))= { 12n+1 , x = 12n , n = 1,2, . . . ,
0, x = 0,1,
hence f is continuous.
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d
(
y,T (y)
)= 1
2
d(x, y).
Then the existence of a fixed point follows from Theorem 3.1.
Hence Theorem 3.1 is an extension of Nadler’s theorem.
Remark 2. It should be noticed that Theorem 3.1 cannot assure the uniqueness of a fixed point
even if T is single-valued.
For instance, let X = { 12 ,1 + 12 , 14 ,1 + 14 , . . . , 12n ,1 + 12n , . . .} ∪ {0,1}, d(x, y) = |x − y| for
x, y ∈ X; then X is a complete metric space.
Define T :X → X as
T (x) =


1
2n+1 , x = 12n ,
1 + 12n+1 , x = 1 + 12n ,
0, x = 0,
1, x = 1,
n = 1,2, . . . .
Since T is continuous, then f (x) = |x − T (x)| is continuous. Moreover,
d
(
T (x), T 2(x)
)= 1
2
d
(
x,T (x)
)
, ∀x ∈ X,
then T has a fixed point according to Theorem 2.1; in fact, T 0 = 0, T 1 = 1.
Since I xb ⊂ T (x), we have the following:
Corollary 3.2. Let (X,d) be a complete metric space, T :X 	→ C(X) be a multi-valued mapping.
If there exists a constant c ∈ (0,1) such that for any x ∈ X, y ∈ T (x),
d
(
y,T (y)
)
 cd(x, y),
then T has a fixed point in X provided f is lower semi-continuous.
The above corollary is an extension of Nadler’s contractive principle too.
Now, we present a theorem which can be seen as an extension of Theorem 2.1 of [5].
Theorem 3.3. Let (X,d) be a complete metric space, T :X 	→ C(X) be a multi-valued mapping.
Assume there exists a constant c ∈ (0,1) such that for any x ∈ X, y ∈ T (x), there is z ∈ T (y)
satisfying
d(y,z)∫
0
ϕ(t) dt  c
d(x,y)∫
0
ϕ(t) dt,
where ϕ : [0,∞) 	→ [0,∞) is a Lebesgue-integrable mapping which is summable (i.e., with finite
integral) on each compact subset of [0,∞), and such that for each ε > 0, ∫ ε0 ϕ(t) dt > 0. Then
T has a fixed point in X provided f is lower semi-continuous.
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{xn}∞n=0, where xn+1 ∈ T (xn) and
d(xn+1,xn+2)∫
0
ϕ(t) dt  c
d(xn,xn+1)∫
0
ϕ(t) dt, n = 0,1,2, . . . .
We verify that {xn}∞n=0 converges to a fixed point of T in three steps.
Step 1. f (xn) → 0 (n → ∞).
It is easy to check that {d(xn, xn+1)}∞n=0 is decreasing and
d(xn,xn+1)∫
0
ϕ(t) dt  cn
d(x0,x1)∫
0
ϕ(t) dt, n = 0,1,2, . . . .
Let un = d(xn, xn+1); we assert un → 0 (n → ∞).
In fact, {un}∞n=0 is convergent because {un}∞n=0 is nonnegative and decreasing. Assume un → ε
(n → ∞), ε > 0, then
un∫
0
ϕ(t) dt 
ε∫
0
ϕ(t) dt, n = 0,1,2, . . . .
Thus we have
lim
n→∞
un∫
0
ϕ(t) dt 
ε∫
0
ϕ(t) dt > 0,
which contradicts the fact
lim
n→∞
un∫
0
ϕ(t) dt = lim
n→∞ c
n
d(x0,x1)∫
0
ϕ(t) dt = 0.
Note that 0 f (xn) d(xn, xn+1), so we have f (xn) → 0 (n → ∞).
Step 2. {xn}∞n=0 is a Cauchy sequence.
The proof of this assertion follows the same manner as that of step 3 of Theorem 2.1 in [5].
Since X is a complete metric space, there is x ∈ X such that limn→∞ xn = x.
Step 3. x is a fixed point of T .
This assertion follows from the lower semi-continuity of f , the convergence of {xn}∞n=0 and
the closeness of T . 
Remark 3. Define Φ = {ϕ : [0,∞) 	→ [0,∞) is a Lebesgue-integrable and satisfies∫ ε
0 ϕ(t) dt > 0 for each ε > 0}. Let ψ : [0,∞) 	→ [0,∞) satisfy that:
(i) ψ is nondecreasing on [0,∞);
(ii) ψ(t) < t for each fixed t > 0;
(iii) ∑∞n=1 ψn(t) < ∞ for each t > 0.
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It is obvious that Theorem 3.3 could be replaced by the following general result, which con-
tains Theorem 3.3:
Theorem. Let (X,d) be a metric space, T :X 	→ C(X) be a multi-valued mapping such that for
any x ∈ X, y ∈ T (x), there exists z ∈ T (y) satisfying:
d(y,z)∫
0
ϕ(t) dt ψ
( d(x,y)∫
0
ϕ(t) dt
)
.
Then T has a fixed point in X provided f is lower semi-continuous.
Remark 4. In the proof of the above theorems, the assumption that f (x) = d(x,T (x)) is lower
semi-continuous is crucial. Without this assumption, T may have no fixed point even if other
conditions hold. For instance, let X = { 12 , 14 , . . . , 12n , . . .} ∪ {0,1}, d(x, y) = |x − y| for x, y ∈ X,
then (X,d) is a complete metric space.
Define mapping T :X → C(X) as
T (x) =
{{ 1
2n+1 ,
1
2n+2
}
, x = 12n , n = 0,1,2, . . . ,
{1}, x = 0.
It is easy to check that for any x ∈ X, y ∈ T (x),
d
(
y,T (y)
)
 1
2
d
(
x,T (x)
)
.
But
f (x) = d(x,T (x))= { 12n+1 , x = 12n , n = 0,1,2, . . . ,
1, x = 0,
is not lower semi-continuous at x = 0, and it is obvious that T has no fixed point on X.
Remark 5. If T :X → CB(X), then f (x) = d(x,T (x)) is lower semi-continuous provided T is
upper semi-continuous, which has been verified in [4].
4. Fixed point theorems for multi-valued Caristi type mappings
To obtain the main theorem of this section, we need the following lemma:
Lemma 4.1. Let (X,d) be a complete metric space, T :X 	→ N(X) be a multi-valued map-
ping, η : [0,∞) 	→ [0,∞) be a nondecreasing, continuous and subadditive function and such
that η−1({0}) = {0} and let ϕ :X →R be a function. Define the relation ‘’ on X as follows:
x  y ⇔ η(d(x, y)) ϕ(x) − ϕ(y).
Then ‘’ is a partial order on X and X is a partial order space.
Proof. (1) Since η−1({0}) = {0}, we have
η
(
d(x, x)
)= η(0) = 0 = ϕ(x) − ϕ(x),
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(2) If x  y and y  x, then
η
(
d(x, y)
)
 ϕ(x) − ϕ(y), η(d(y, x)) ϕ(y) − ϕ(x).
Since η is nonnegative and d(y, x) = d(x, y),
η
(
d(y, x)
)= 0.
Moreover η−1({0}) = {0}. Hence d(y, x) = 0, i.e., x = y.
(3) If x  y and y  z, then
η
(
d(x, y)
)
 ϕ(x) − ϕ(y), η(d(y, z)) ϕ(y) − ϕ(z).
Note that η is nondecreasing, subadditiv, so we have
η
(
d(x, z)
)
 η
(
d(x, y) + d(y, z)) η(d(x, y))+ η(d(y, z)) ϕ(x) − ϕ(z).
From (1)–(3), ‘’ is a partial order on X. 
Theorem 4.2. Let (X,d) be a complete metric space, T :X 	→ N(X) be a multi-valued mapping,
ϕ :X → R be a bounded from below and lower semi-continuous function, and η : [0,∞) 	→
[0,∞) be a nondecreasing, continuous and subadditive function and such that η−1({0}) = {0}.
If for any x ∈ X, there is y ∈ T (x) satisfying
η
(
d(x, y)
)
 ϕ(x) − ϕ(y),
then T has a fixed point in X.
Proof. In a similar way to Jachymski in [3,17] and Kirk in [7], we obtain that the partial order
space X has a maximal element x0 ∈ X.
By hypothesis, there exists y0 ∈ T (x0) such that
η
(
d(x0, y0)
)
 ϕ(x0) − ϕ(y0),
which implies x0  y0. Since x0 is the maximal member of X, we have x0 = y0, so x0 ∈
T (x0). 
Remark 6. When only the existence of the fixed point is concerned, Theorem 4.2 can be seen as
an extension of Theorem 3.1.
In fact, if T satisfies the conditions of Theorem 3.1, then for any x ∈ X, there exists y ∈ I xb
such that
d
(
y,T (y)
)
 cd(x, y).
Since y ∈ I xb , we have
bd(x, y) d
(
x,T (x)
)
Let η(s) = (b − c)s, ϕ(x) = d(x,T (x)), then
η
(
d(x, y)
)= (b − c)d(x, y) = bd(x, y)− cd(x, y) d(x,T (x))− d(y,T (y))
= ϕ(x) − ϕ(y).
Moreover, ϕ is bounded from below and lower semi-continuous, then T has a fixed point by
Theorem 4.2.
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ϕ :X → R be a bounded from below and lower semi-continuous function, and η : [0,∞) 	→
[0,∞) be a nondecreasing, continuous and subadditive function and such that η−1({0}) = {0}.
If for any x ∈ X and y ∈ T (x),
η
(
d(x, y)
)
 ϕ(x) − ϕ(y),
then there exists x0 ∈ X such that T (x0) = {x0}.
Remark 7. In Theorem 4.2 and Corollary 4.3, T needs not to satisfy any continuous condition,
which indicates the difference between our results and existence theorems in [4,6].
Remark 8. In [8,9] the authors established some fixed point theorems for multi-valued Caristi
type mappings. A formally stronger set-valued Caristi type fixed point theorem was given in [13],
while new results in connection with some single-valued and multi-valued Caristi type operators
were established in [14]. Theorem 4.2 and Corollary 4.3 extend the above results. In fact, let
η(s) = s; then we have the fixed point theorems in [8,9,13] and obtain the same stronger results
for the mapping satisfying the conditions of Theorem 4.2 in a similar way to Zhang and Luo
[13].
Example. Let X = [0,1], d(x, y) = |x − y|; then (X,d) is a complete metric space. Define the
mapping T :X → N(X) as
T (x) =
{{
y ∈ X | x5  y  x4
}
, x ∈ X ∩Q,{
y ∈ X | x3  y  x2
}
, x ∈ X −Q,
where Q denotes the set of rational numbers.
Let η(s) = s, ϕ(x) = |x|, then ϕ is continuous and bounded from below.
Note that for any x ∈ X and y ∈ T (x),
η
(
d(x, y)
)= ϕ(x) − ϕ(y).
Then T has a fixed point according to Corollary 4.3; in fact, T (0) = {0}.
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